This manuscript describes the first ensemble of three-dimensional (3D) particle-in-cell (PIC) plasma simulations of whistler turbulence. The computational model represents a collisionless, homogeneous, magnetized plasma on which an initial spectrum of relatively long wavelength whistler fluctuations is imposed. The simulations represent a range of initial fluctuation amplitudes and follow the temporal evolution of the system as it decays into a broadband, anisotropic, turbulent spectrum at shorter wavelengths via a forward cascade. The resulting 3D turbulence is similar in many ways to whistler turbulence from previous two-dimensional (2D) PIC simulations, although the anisotropies in 3D are stronger than in comparable 2D runs. The most important difference is that reduced magnetic fluctuation spectra from the 3D simulations show a clear break in the perpendicular wavenumber (k ⊥ ) spectra. Spectra at small k ⊥ are relatively steep, but spectra at larger k ⊥ are even steeper, similar in character to magnetic spectra at electron scales recently measured in the solar wind.
INTRODUCTION
We define whistler turbulence as a broadband ensemble of incoherent field fluctuations in a magnetized plasma at frequencies between the lower hybrid and electron cyclotron frequencies and at wavelengths much shorter than the ion inertial length. Whistler turbulence has been studied using fluid models such as electron magnetohydrodynamics (EMHD) via both analytic (e.g., Galtier & Bhattacharjee 2003) and computational techniques (Cho & Lazarian 2004 , 2009 Shaikh 2009 ). The computational models generally yield late-time magnetic fluctuation spectra which scale as k −7/3 at kc/ω e < 1 (where c/ω e denotes the electron inertial length), and wavevector anisotropies such that the average k ⊥ is much greater than the average k (where ⊥ and subscripts denote directions perpendicular and parallel to the background magnetic field B o , respectively). However, fluid models do not represent the velocity-space, or kinetic, properties of collisionless plasmas. Although such models may well describe the wave-wave processes which lead to the cascade of fluctuation energy in wavevector space, they do not describe the wave-particle interactions which lead to fluctuation damping or growth via Landau or cyclotron resonances and are therefore incomplete. In contrast, particle-in-cell (PIC) simulations do represent plasma kinetic properties so that the use of PIC or similar simulations is essential to yield the full physics of whistler turbulence.
Two-dimensional (2D) PIC simulations of whistler turbulence have been presented by Gary et al. (2008) , Saito et al. (2008 Saito et al. ( , 2010 , and Saito & Gary (2012) . These simulations represented a collisionless, homogeneous, magnetized plasma on which an initial spectrum of relatively long wavelength electromagnetic fluctuations was imposed. In all of these computations, the uniform background magnetic field was in the simulation plane. These simulations followed the temporal evolution of the fluctuations as they decayed into a broadband, anisotropic, turbulent spectrum at shorter wavelengths via a forward cascade. Like many EMHD models, these 2D simulations showed the characteristic wavevector anisotropy with most energy at wavevectors with k k ⊥ . However, unlike EMHD models or some Hall MHD models (e.g., Galtier & Buchlin 2007) , the PIC simulations did not show a "universal" spectrum with a fixed power-law dependence on k ⊥ , but rather displayed reduced magnetic spectra which became less steep and more anisotropic as the initial amplitudes increased.
Recently, Chang et al. (2011) described the first fully three-dimensional (3D) PIC simulation of whistler turbulence, using a single set of initial plasma parameters in a collisionless, homogeneous, magnetized plasma model. We use "threedimensional" to mean that the simulation includes variations in three spatial dimensions, as well as calculating the full 3D velocity-space response of each ion and electron superparticle. Like the 2D PIC simulations discussed above, this initial value computation showed a forward cascade and the development of a k k ⊥ (hereafter "quasi-perpendicular") wavevector anisotropy. New results in Chang et al. (2011) included increases in the forward cascade rate and wavevector anisotropy with respect to comparable 2D PIC simulations. That paper attributed these increases to the greater number of modes at near-perpendicular propagation in the simulation with greater dimensionality.
The inertial range of solar wind turbulence corresponds to magnetic spectra observed at wavelengths that are long compared to the proton inertial length and frequencies smaller than the proton cyclotron frequency. Inertial range spectra satisfy power-law dependences in frequencies and wavenumbers over several orders of magnitude in those variables. The term "turbulence" is sometimes applied only to spectra which can be so characterized over such a broad range, but we use a different definition of turbulence here.
At observed frequencies 0.2 Hz f 0.5 Hz, solar wind measurements at 1 AU show a spectral break, a distinct change to spectra that are steeper than those of the inertial range (Leamon et al. 1998; Smith et al. 2006; Alexandrova et al. 2008 ). Sahraoui et al. (2009 Sahraoui et al. ( , 2010 have fitted magnetic fluctuation spectra at observed frequencies above the inertial range break with different power laws on two or three successively higher frequency ranges, whereas Alexandrova et al. (2009) use a frequency power law followed by an exponential function of frequency to fit short-wavelength spectra above the inertial range break. Kinetic simulations addressing magnetic turbulence at frequencies above and wavelengths shorter than the inertial range break (Svidzinski et al. 2009; Saito et al. 2010; Howes et al. 2008 Howes et al. , 2011 ) also demonstrate magnetic spectra that cannot be fit as power-law functions over broad ranges of wavenumber. Nevertheless, these kinetic simulations have shown that broadband short-wavelength fluctuations do exhibit some properties of inertial range turbulence, including the forward cascade to shorter wavelengths and the development of a quasi-perpendicular wavevector anisotropy. Based on these similarities, we use the term "turbulence" as a label for the broadband, short-wavelength, whistler fluctuations studied here.
We 
We consider an electron-proton plasma where the subscript e denotes electrons and p stands for protons.
In 2D, the reduced k ⊥ magnetic spectrum is defined simply as the sum of the 2D spectrum over the Cartesian parallel wavenumber. However, in 3D, the reduced k ⊥ spectrum, which we here denote as E(k ⊥ ), must be summed over both k and φ, the azimuthal angle of the perpendicular wavevector. Thus, in the continuum limit, the total fluctuating magnetic energy density is
and the initial dimensionless fluctuating magnetic energy density is denoted by o ≡ |δB(t = 0)| 2 /B 2 o . The average wavevector anisotropy angle θ B is defined by Shebalin et al. (1983) as
Our simulations use the three-dimensional electromagnetic particle-in-cell code 3D-EMPIC derived from the code described by Wang et al. (1995) . In this code, plasma particles are pushed using a standard relativistic particle algorithm; currents are deposited using a rigorous charge conservation scheme (Villasenor & Buneman 1992) , and the self-consistent electromagnetic field is solved using a local finite difference time domain solution to the full Maxwell's equations.
Here, we describe an ensemble of 3D PIC simulations of whistler turbulence. The plasma is homogeneous with periodic boundary conditions. As described in Chang et al. (2011) , at t = 0 we impose a 3D spectrum of relatively long wavelength fluctuations which each satisfy the linear dispersion properties of whistler waves. For each run, the initial spectrum is approximately isotropic in the sense that tan 2 (θ B ) 1.3, which is relatively close to the value of unity which would obtain for a strictly isotropic spectrum. The single parameter which we vary over this ensemble is o , the initial dimensionless fluctuating magnetic energy density. The other physical parameters are the same as in Chang et al. (2011) ; that is, the initial β e = 0.10, the initial T e /T p = 1.0, the initial v 2 e /c 2 = 0.01, m p /m e = 1836, and ω 2 e /Ω 2 e = 5.0. The computational parameters are also as in Chang et al. (2011) ; the grid spacing is Δ = 0.10c/ω e , where c/ω e is the electron inertial length, the time step is δt ω e = 0.05, and the number of superparticles per cell is 64. The system has a spatial length of 51.2c/ω e in each direction. For these parameters, the fundamental mode of all simulations has wavenumber kc/ω e = 0.1227, and short-wavelength fluctuations should be resolved up to the component wavenumber of k c/ω = k ⊥ c/ω e = 4. The initial spectrum is the same as that of Run 3 of Chang et al. (2011) . Thus, there are 42 modes in the y-z plane corresponding to k y c/ω e = 0.1227n y (n y = 0, ±1, ±2, ±3) and k z c/ω e = 0.1227n z (n z = ±1, ±2, ±3); 36 modes in the x-z plane corresponding to k x c/ω e = 0.1227n x (n x = ±1, ±2, ±3) and k z c/ω e = 0.1227n z (n z = ±1, ±2, ±3); and an additional 72 modes corresponding to rotations of the x-z modes through 45
• and 135
• about the z-axis.
SIMULATIONS
We have carried out an ensemble of 3D PIC simulations of the free decay of whistler turbulence by forward cascade in a collisionless, homogeneous, magnetized plasma. The initial conditions are as described above, with the only variable being our choice of the initial energy density of the whistler fluctuations: o = 0.02, 0.05, 0.10, 0.20, 0.50, and 1.00. In each case, the initial ensemble of relatively long wavelength whistler fluctuations undergoes a forward cascade to shorter wavelengths which, as shown in Figure 2 of Chang et al. (2011) , is gyrotropic in the perpendicular plane, but bears the usual quasi-perpendicular wavevector anisotropy.
Figure 1(a) shows the normalized total fluctuating magnetic field energy density and Figure 1 (b) illustrates the normalized parallel (solid lines) and perpendicular (dashed lines) electron kinetic energies as functions of simulation time for all runs of the ensemble. As in the 2D simulations of Saito et al. (2008) , the fluctuating magnetic field energy decreases with time; this decrease corresponds to an increase in the electron thermal energy with the parallel electron temperatures gaining considerably more energy than the perpendicular electron temperatures. Comparison of the o = 0.10 runs shows that, at late times, T e /T ⊥e 1.3 in 2D, whereas T e /T ⊥e 1.6 in 3D. We interpret the greater dissipation efficiency of the 3D turbulence as due simply to the greater number of obliquely propagating modes.
Figures 1(c) and (d) (Figure 1(d) ) as well as the damping rate of the magnetic fluctuations at smaller values of o (Figure 1(c) ) are weak functions of the initial fluctuation energy, consistent with this dissipation being due primarily to linear damping. Figure 7 of Saito et al. (2008) shows that at kc/ω e < 1, linear theory predicts that the Landau resonance at oblique propagation (i.e., k ⊥ = 0 and k = 0) is a stronger mechanism for whistler damping than the cyclotron resonance. Thus, it is the Landau resonance with δE = 0 which is the likely source of the dissipation and parallel electron heating here. Further evidence in support of this hypothesis follows from the damping rate of whistler fluctuations at quasi-perpendicular propagation in a β e = 0.10 plasma being of the order of γ /|Ω e | = −0.002 , consistent with the In each simulation, the wavevector anisotropy rapidly increases at early times, as the forward cascade pumps magnetic fluctuation energy into the short-wavelength part of the spectrum where there is very little initial energy. At |Ω e |t 100, this process has established a quasi-steady spectrum with the usual quasi-perpendicular wavevector anisotropy as illustrated in the early-time panels of Figure 3 . At later times, electron dissipation begins to take energy out of the short-wavelength part of the spectrum, particularly at oblique propagation angles, giving rise to the four-pointed star shape of the spectrum as shown in the late-time panel of Figure 3 . So we interpret the time development of the wavevector anisotropy as due to two different processes: at early times, the wave-wave processes of the forward cascade drive the anisotropy, whereas at late times wave-particle dissipation removes fluctuation energy so as to further enhance this anisotropy. mechanism, whereas the decreasing anisotropy with further increases in o indicates fully nonlinear plasma processes are dominating in this regime. Figure 4 plots the reduced spectrum E(k ⊥ ) from each run at |Ω e |t = 134. Increasing initial fluctuation amplitudes over 0.02 o 0.50 yields a monotonic increase in the energy of the cascaded fluctuations, as well as to a consistent decrease in the slope of the spectrum at k ⊥ c/ω e 1. We interpret the absence of a single, unique spectral slope to the action of Landau damping. These results are qualitatively similar to the 2D PIC simulation results of Saito et al. (2008) . But in contrast to the 2D simulations of Saito et al. (2010) , there are distinct breaks in each reduced spectrum at k ⊥ c/ω e 1, with considerably steeper slopes at still shorter wavelengths. These spectral breaks are very similar to the observations of electron-scale breaks to steeper spectra of Sahraoui et al. (2009 Sahraoui et al. ( , 2010 and Alexandrova et al. (2009) and, in our view, are a potential hallmark of whistler turbulence at such short wavelengths. We note, however, that our simulation results are not unique; a similar spectral break at electron scale lengths has been simulated by Howes et al. (2011) using a gyrokinetic code which represents kinetic Alfvén wave turbulence.
Another new result shown in Figure 4 is the lack of change between spectra at o = 0.50 and o = 1.00, suggesting that a large initial amplitude is the limit in which a comparison may be drawn between EMHD theories and PIC simulations. To make this comparison more complete, it will be necessary to run whistler turbulence simulations at considerably smaller values of β e to reduce Landau damping. Such computations are, however, beyond the purview of this manuscript. Shaikh (2009) shows two EMHD simulations of 3D whistler turbulence: a computation at kc/ω e < 1 yields a magnetic fluctuation spectrum with a k −7/3 dependence, whereas a second computation at kc/ω e > 1 produces a shallower k −5/3 spectrum. Our kinetic PIC simulations similarly show a break in the spectral properties at k ⊥ c/ω e ∼ 1, but our short-wavelength spectra are steeper, rather than shallower, than spectra at smaller k ⊥ . Figure 7 (a) of Saito et al. (2008) indicates, and further computations not shown here confirm, that linear Landau damping of whistlers at sufficiently oblique propagation scale as γ ∼ −k 2 to and beyond kc/ω e 1. Therefore, linear damping alone cannot explain this short-wavelength spectral break; nonlinear wave-particle interactions are the more likely source of this steepening, with nonlinear wave-wave interactions also playing a possible role. Whatever the cause, it is clear that our 3D simulations of whistler turbulence have captured the further steepening of very short wavelength spectra as observed by Alexandrova et al. (2009) and Sahraoui et al. (2009 Sahraoui et al. ( , 2010 . Figure 5 shows the reduced electron velocity distributions as functions of v and one perpendicular velocity component at |Ω e |t = 0 and 447 for each run. There are three important results here. First, as one would expect, increased initial fluctuation energy (i.e., larger o ) corresponds to greater electron heating, as illustrated in Figure 1(b) . Second, electron heating is stronger in directions parallel to B o than in perpendicular directions; as we have already discussed, this is indicative of electron Landau damping being a primary dissipative mechanism. Third, an increasing o leads to a flattening of the subthermal part of both velocity component distributions, as well as to an enhancement of the suprathermal tails of those distributions. This last point may be related to the work of Rudakov et al. (2011) who used analytic theory to predict that kinetic Alfvén waves should cause a flattening of f e (v ), and suggested that a similar flattening as well as a suprathermal tail formation should arise as a consequence of electron scattering by magnetosonic-whistler turbulence. The flattening of f e (v ) and f e (v ⊥ ) is an irreversible change in the electron velocity distribution for relatively large values of o because Figure 1(a) shows the fluctuating magnetic fields are strongly dissipated at late simulation times. Thus, there can be no recovery to the large-amplitude initial conditions.
CONCLUSIONS
We have here described the first ensemble of 3D PIC plasma simulations of whistler turbulence. The computational model represents a collisionless, homogeneous, magnetized plasma on which an initial spectrum of relatively long wavelength whistler fluctuations is imposed. The simulations follow the temporal evolution of the system as it decays into a broadband, anisotropic, turbulent spectrum at shorter wavelengths via a forward cascade. At relatively weak initial fluctuation amplitudes o , the resulting turbulence is qualitatively similar to whistler turbulence from previous 2D PIC simulations. Thus, increasing o leads to shallower, more anisotropic magnetic wavevector spectra, and stronger heating of electrons in directions parallel to the background magnetic field. Shallower spectra with increasing o stand in apparent contrast to the solar wind observations of Smith et al. (2006) and Tessein et al. (2011) , who find that an increasing cascade rate in the inertial range corresponds to steeper magnetic spectra at frequencies immediately above the break in the inertial range. In our simulations, kinetic effects imply magnetic spectra with power-law spectra which vary with initial amplitudes, so that we find no universal spectrum for whistler turbulence.
Our most important results are two distinctions between the 3D spectra and previously published 2D results for whistler turbulence. First, the anisotropies in 3D are stronger than in comparable 2D runs. As in Chang et al. (2011) , we attribute this difference to the larger volume of perpendicular wavevector space in the 3D runs, which facilitates the transfer of fluctuation energy toward the perpendicular. The work of Ganguli et al. (2010) similarly shows a stronger whistler cascade toward the perpendicular through a tilt in their 2D simulation plane which also increases the available k ⊥ phase space by comparison with the 2D in-the-magnetic-field plane simulations of Saito et al. (2008 Saito et al. ( , 2010 . Second, reduced spectra E(k ⊥ ) from the 3D computations show a characteristic break at k ⊥ c/ω e 1, independent of the initial fluctuation amplitudes. The simulated spectral breaks illustrated in Figure 4 bear a strong resemblance to electron-scale spectral breaks recently observed in the solar wind (Alexandrova et al. 2009; Sahraoui et al. 2009 Sahraoui et al. , 2010 . Furthermore, the similar spectral slopes for o = 0.50 and 1.00 in Figure 4 suggest that the large o limit of our simulations may provide a comparison against EMHD computational models of whistler turbulence which are usually reported as independent of fluctuation amplitude.
The simulations described here may be generalized in different ways to address various questions concerning shortwavelength turbulence in collisionless magnetized plasmas such as the solar wind. The most fundamental question is: How do the properties of whistler turbulence change with the initial β e ? The most basic plasma parameter in a homogeneous, collisionless system is the plasma β; because the ions do not play a significant role in whistler dynamics, the critical parameter here is β e . Saito & Gary (2012) carried out 2D simulations of whistler turbulence with initial values of β e = 0.01, 0.10, and 1.0; their primary result was that an increasing β e reduces the wavevector anisotropy of the turbulence. We expect that this result should also be obtained in 3D whistler turbulence, but of course it is necessary to carry out further simulations to test this hypothesis.
Another basic question is: How do the properties of whistler turbulence vary with the initial wavevector anisotropy? The three-wave interaction condition k 1 + k 2 = k 3 implies that a preferential cascade to a quasi-perpendicular wavevector spectrum requires an initial spectrum with relatively large k ⊥ , such as is provided in our simulations. We hypothesize that an initially anisotropic spectrum in the sense of k k ⊥ would require much longer times to develop a quasi-perpendicular wavevector spectrum than those shown in the simulations of Section 2.
What are the properties of the inverse cascade to longer wavelengths of whistler turbulence? Our simulations, as well as the computations of Saito et al. (2008 Saito et al. ( , 2010 , exclude inverse cascade processes because they use initial fluctuations with wavelengths of the same order as the simulation box size. Ganguli et al. (2010) used 2D PIC simulations with the plane of the simulation tilted relative to a plane containing the background magnetic field to show a cascade to longer whistler wavelengths. More generally, Cho (2011) used a 3D EMHD computational model to show that whistler wave packets can excite both forward and inverse cascades. A fully 3D PIC computation using a simulation box larger, or initial wavelengths shorter, than those considered here would be more general than either of these calculations and would permit a direct comparison of the competition between forward and inverse cascades for whistler turbulence.
What is the role of whistler turbulence in solar wind observations? There are two hypotheses concerning the character of the high-frequency, short-wavelength turbulence beyond the inertial range spectral break. One interpretation is that these fluctuations are kinetic Alfvén waves (Leamon et al. 1998; Bale et al. 2005; Howes et al. 2008 Howes et al. , 2011 Sahraoui et al. 2009 Sahraoui et al. , 2010 . It is generally agreed that the low-frequency turbulence of the inertial range corresponds to a cascade that is both forward (toward successively shorter wavelengths) and anisotropic (toward successively larger values of k ⊥ /k ). Thus, the ultimate consequence of this cascade would be short-wavelength Alfvénic fluctuations with k ⊥ k that is, kinetic Alfvén waves. We agree that it is likely that the turbulence measured immediately above the inertial range break does consist of kinetic Alfvén waves, although there is debate as to whether or not such modes carry fluctuation energy all the way down to electron scales such as k ⊥ c/ω e ∼ 1 (Smith et al. 2012 ).
An alternative interpretation is that at sufficiently high frequencies, whistlers also contribute to short-wavelength turbulence in the solar wind (Gary & Smith 2009 ). The low-frequency Alfvénic modes at ω r < Ω p are not likely to couple to the much higher frequency whistler modes. Rather, the more plausible scenario for excitation of whistler turbulence is that it develops from the forward cascade of low-frequency compressive magnetosonic turbulence which can extend to frequencies well above Ω p . Compressible turbulence is observed at relatively low amplitudes in the solar wind (Narita et al. 2007 ) and has been demonstrated to yield a forward cascade in the PIC simulations by Svidzinski et al. (2009) . However, the simulated cascade of Svidzinski et al. (2009) did not carry fluctuations all the way to electron-scale wavenumbers; a definitive PIC simulation demonstrating whether magnetosonic turbulence indeed can cascade into whistler turbulence has not yet been done.
Can kinetic instabilities drive broadband whistler turbulence? The whistler anisotropy instability is a common source of enhanced narrowband whistler fluctuations observed in magnetospheric plasmas. A number of PIC simulations have addressed the wave-particle consequences of enhanced whistler fluctuations from this same instability in homogeneous plasma models (Gary & Wang 1996; Schriver et al. 2010; Liu et al. 2011; Gary et al. 2011) , but there are fewer simulation studies of wave-wave evolution of turbulence from whistler-like growing modes (Ganguli et al. 2010) . PIC simulations of instability-driven turbulence would not be subject to the uncertainties associated with choosing properties of the initial normal modes, which are a limitation for the type of simulation described in this manuscript, but would give more emphasis to wave-particle interactions, making isolation of the wave-wave cascade processes more difficult.
We believe the picture of Shaikh & Zank (2009) is appropriate for turbulence in a collisionless, homogeneous, magnetized plasma; that is, that short-wavelength turbulence immediately above the inertial range spectral break is populated by kinetic Alfvén waves, but that whistler fluctuations dominate turbulence at still higher frequencies and shorter wavelengths. The importance of determining the scale length at which this transition takes place lies not only in the desire to understand the fundamental properties of homogeneous turbulence, but in the effort to quantify how the turbulent cascade dissipates fluctuation energy. Their relatively low phase speed allows kinetic Alfvén waves to damp upon and heat both ions as electrons, whereas the high phase speed of whistlers means that they resonate with and heat only electrons. So if we understand the conditions which enhance whistler turbulence relative to kinetic Alfvén turbulence, we will better understand the conditions favoring turbulent heating of electrons in the solar wind.
